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Talk is based on the articles:

@ Tekin Dereli, Philippe Nounahon, Todor Popov
"A Remarkable Dynamical Symmetry of
the Landau Problem.”
loP Tekin Dereli’s Festschrift, Istanbul 2021

@ Tekin Dereli, Philippe Nounahon, Todor Popov
"Landau Levels versus Hydrogen Atom”,
Universe, 10, 172, 2024.

@ Philippe Nounahon and Todor Popov,
"Landau levels for the Haldane’s spheres”
to appear in Proceedings of XV. International Workshop
"Lie Theory and Its Applications in Physics”, Varna 2023.

Todor Popov Dynamical supersymmetry of the Landau levels ®itac = Di



Jordan algebras and TKK-construction

Tits-Kantor-Koecher construction for Jordan algebra J

Co (Jg) _ S O( 27 4) Kustaanheimo— Stiefel sU (27 2)
x=x! h=y°
Co(3) =  SO@23) L splaR)

Oscillator Realization co(J) (Murat Gunaydin)
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Compactified Minkowski space M3 := S x S3/Z,

R with metric 1, = diag(+1,-1,—1,—1) as a spinor:
. X0+ x3 x4 ix?
= ‘u = 2 = X = 'u' v
X =xto, <x1—ix2 X0 _ 53 > (x)° =det X = 7, x"x" .
Cayley transform C maps a Hermitian matrix to a unitary
1—iX
C: Hy(C U U= — .
2( )_> ( )a 140X

Compactified Minkowski space M3
C:R'S - M'3 .= U((2) = U(1) x SU(2)/Z>
is a homogeneous space of SU(2, 2): projective quadric in R?4

M3 =Q/R*, Q= {y21+y5-y?—yi—y5-y2 = nasy”y® = 0}.
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Kustaanheimo—Stiefel (KS) transform

KS: T+S® 5 T+S82 c (R*)*xR* = (R*)® x R®

—(uywg + Wy + Upwy + W2U4)/\Z\227
—(Upws + Wauz — wylg — Uy W4)/\22\ ,
(Urwy + Uy — ugwg — Ugwg)/|2|% .

T
92
g3

UpUz + Up Uy P
2”2“32* U1£l4 'y
—Uf — Uy +U3 Uy, pg

The coordinates on T+S° are subject to the constraint
K = uiWs — UoWy + UsWy — UgWs = 2S .

a vector x € R3 is a “square root” of a spinor Z € C?

Uy =+ iu
ql =122, z:(1 2

) ) , Z2=2'Z. (1)
Uz + Uy

The Hopf fibration and regularized 4D MICZ-Kepler motion

0588580, J(Z,W)I%\Z”?JF%’W‘z
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Kustaanheimo-Stiefel spinorial regularization

Kustaanheimo-Stiefel transform

— Xk = ZoyZ y=argzZy +argzs .
z - _
83 = {z:: ( z; ) eC?: 2z =2z +2222=u} )

Dynamical group of H-atom/Charge-Dyon system (Barut & co)

3D H-atom P 4D Harmonic Oscillator
SO(2,4) = SU(2,2) (Haldane’s sphere)

2D H-atom <~ 2D Harmonic Oscillator
SO(2,3) = Sp(4,R)(planar Landau)

SU(2,2) massless UIR of helicity s (Mack & Todorov)

JAB — By, Ci=dv  SU(2.2)/Zp = SOp(2,4)
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Newton-Hooke duality

Sp(4, R) is the double-covering of the anti-de Sitter group

Newton—Hooke duality between
the harmonic oscillator (Landau model)

Ditac:=Di d Rac
{2D charge-dyon system} @ {2D hydrogen atom}

and quantum Coulomb—Kepler models (with magnetic charge)
®i and Rac Flato and Fronsdal Singletons
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Landau levels/Harmonic oscillator

Hamiltonian for an Electron in a constant magentic field
2
H= 21# (p - gA) .
Oscillator representation
H = %{aﬁaf} , [H,at] = +a* ,
Landau levels and magnetic translations
H|n) :hw(n+%)yn) [H,b¥]=0.

“zero modes” of the Hamiltonian H, and [H, b*] = 0
Angular momentum operator:

L= g(bﬂr _ata), (Lo bf]=+bt,  [LH]=0.
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Landau levels/Harmonic oscillator

2 2 2
+ Q
H= Hoso— QL= PPy (Y ooy g1, g—uw)2.
24 2
__eB ; _ h _ h
cyclotron frequency w = % and magnetic length /2 = = %.
z = (x+iy)/2¢ 0= =% —i%)
z = (x—iy)/2t 0= =L +i%
One Hilbert space, two different hamiltonians
Hosc = %M(Zz_ 85) = 4 2 ({b,b"}+{a,a"}),
H = X{at,a} = %(zz-09)—-%(20- 20).

[Hosm Lz] =0
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Dirac remarkable SO(2, 3)-representation
Eigenstates of compact SO(2) x SO(3) ¢ SO(2,3)

1 m —m
H%bn,m == hw (n + 2> wn7m ) Lz’l/)mm = hmwmm , n= nr+| |2 ]

Lowest Landau Level
Yom(Z,2) = (m)~"2(bT) ™o o(2, 2) o 26 % ,

Hilbert space is a sum of Landau levels and SO(2, 3)-rep

Ditac = @@itacn = @ @ Ynm(Z,2) . (2)

n>0 n>0 m>-n
¢ (Z 2) _ (a+)n (b+)n+mw070 N e_lz|2 2™ 2)212) n>0
M VA nem) AP e®) n<m<o

Ynm(2,2) = Comlz|™LIM(2122)e 2P e™  n>0 m>-n.
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Root diagram Bo

m=0  m=1 m=2
g=-m
aaaa 2t
o ° ° ° °
H osc = condt
aaa aaab
° ° °
aa aab aabb
n=2
a ab abb abbb
n=1
o b bb bbb bbbb b’

n=0 Landau level

Figure: Hilbert space Ditac = Di @ 9Rac has two SO(2, 3)-orbits

Pseudo-vacuum of Landau level n
Un-nox2"e?  Diracy = P C(bT) My n .

m>0
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Levi-Civita transform

1

Hosc - % (a+a_ + b+b_ + 2) 5 H - hw (a+a_ + 2> - HOSC*QLZ
- 1 _ m m

Hosctnm(z,2) = hw <N+ 2> Ynm(Z,2) N = n‘i‘? = nr+|2‘ .

Parity operator
Nnm(Z,2) = Ynm(€™z, € ™2) = (=1)™pnm(z,2) -
two-sheeted covering the complex mapping
w = Z? where  z=|z|e"? w=re”

mapping between ¢ € [0,27) and 6 € [0, 4~),
where 6 winds twice for one period of ¢:

r=2zz, 0 =20,
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2D hydrogen atom & electron-vortex system

Angular momentum J, with half-integer spectrum

L= —in2 2Jz:2><<—ih>, m=2j=2(I+s).

Energy spectrum of (magnetized) 2D Hatom

. ,u02a2 _ uczaz
2IN+ 152 2(n 4|1+ +3)2°

En =

with degeneracy deg(En) = 2(N — |s|) + 1.
2D hydrogen atom with energy levels N = |s|,|s| +1,...

Ynm(r,0) = Cole (Br)ILE]  (28r)el® B=1/(N+1/2).
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sections of U(1)-bundle

Boundary conditions
Monm(r,0) = bnm(r, 0 +2m) = (=1)"pm(r,0),
Unm(r,0) = eisein,m(ra 9), TZn,m(ra 0+ 2r) = &n,m(ry 6) .
2D charge—vortex system s = J
1 e \2 & g
Fie =5 (P~ GA) — 0 ALy = (-y.x). g=hos/e.
B(r) = rot A(r) = 27gi(r) .
(Hydrogen atom s = 0)
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Spectrum Generating Algebra so(2, 3) of 2D Hatom

isotropic rays in R23 carry a linear SO(2, 3)-representation
0 m_y0 m_q

0 mo1

mab e ( 0

SGA s0(2,3) = sp(4, R)

0

m_i2 mM_q3 0 hy
Mo2 Mo3 0
my2 m3 -
ma3
0

My, D
o h

L, A .
0 A
0

Energy | hamiltonian symmetry | integrals | inv. geometry
E <0 | h; €50(2) 50(3) LA ST x &
E>0 | hyeso(1,1) | s0(1,2) L, M H' x H?
E=0 | (h+h)ecR|s0(2+R?| Lyr lightcone
DeR s0(1,2) L, T AdS,

Todor Popov
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The skewsymmetric myp, =

[mab7 mCd] = O )

my2

mog

Dirac’s remarkable rep of so(2,3) = sp(4,R)

—Mpa, @, b€ {-1,0,1,2,3}
= _inbbmam Nab = diag(+7+7_7_7_)

= 1{b,bt}—{a,at}

( )
({a~, b7} +{a" b7})
z({a bt} —{a",b7})
- ﬁ'(a+2 —g24p2_ +2)
= z(@?+a?+b2+pt?)
~i({a b7} —{at. b}
— _1 (a—2 4 a+2 b—2 _ b+2)
(a 2 _ a+2 + b—2 _ b+2)
= *% ({a", b7} +{a",b7})
= z({a.a"}+{b",b"})

A=
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Cayley transform and Klein-Dirac quadric

Y2 rYe—y2—yi—y2 = R? = napy?yP,  nap = diag(+, +, -, —, ).

The symplectic Cayley transform C maps the real symmetric
matrix S = S to the real symplectic matrix

. ., N-JS (0 1
C: Ho(R) -+ Sp(2.R),  C(S) =M= 3o j_(_1 0)

compactifies the flat Minkowski space R to the compactified
Minkowski space:

C:R" - M2 := Sp(2,R) = (S' x $?)/Z, .
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Weyl Spinors and Sp(4,R)/Z, = SO(2, 3)

e=(5)-5(218) o

2D H-atom so(2, 3)-spinorial representation, Barut & Duru

mj = Sepxolx, moyi = (x0T (x)T —xTeo]x) |
myo = 0¢x+1),  me = 00T () +xTeo]x)
4D Dirac spinor yields 3D H-atom so(2, 4)-spinorial rep
[V, 5] = 0F , [, v =0.
via Mack & Todorov ladder U(2, 2) representation
A8 — JotBy Ci =

its Majorana reduction is Sp(4, R)-rep: Stoyanov & Todorov
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Dynamical group SO(2,4) of MICZ-Kepler model

0 H- My My My D

0 L4 L41 Loq2 L43 L_gs
0 Lot Loz Los Los 0 Ty T 3 Hp
0 Li2 Lis Lis — 0 Jh b A
0 Loz Log 0 Ji Az
0 Las 0 Az
0 0
MICZ-Kepler SGA so0(2,4) with helicity s
J = rxmw—skP r=rm, D = r-m—i,
A = %rwzfr(r<7r)+§J+§r7%r, Hy = %(fﬂ2+§+f),
M = %rwsz(r-ﬂ)+§J+§r+1§r, H, = %(rw2+§fr>.
Energy | hamiltonian symmetry | integrals | invariant geometry
E<0 | H €5s0(2) s0(4) J A STx S8
E>0 | H,es0(1,1) s0(1,3) J M H' x H®
E=0 | (H,+H,)€ER | 50(3) +R3 J.r lightcone =
DeR s0(1,3) J, T AdSs
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Parabosons and Sigletons

n parabosons close osp(1|2n), Ganchev, Palev

[{b;, b}, by] = 264b; [{b, b;“}, bf1=0

e=(2)-(2) X = (b b3)

n = 2 parabosons osp(1]|4) Landau problem
osp(1[4)o = sp(4,R)

unitary massless conformal so(2, 3)-represenations D(Ey, s)
m_19 = Hosc minimal conformal energy Eg

my2 = L; minimal angular momentum, helicity s

Fronsdal, Flato Singeltons

"Massless particles, conformal group, and de Sitter universe”
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SGA osp(1]4) of the Landau levels

unitary massless conformal so(2, 3)-represenations D(Ey, s)

The Hilbert space ®itac is a reducible so(2, 3)-representation:
Divac := Di D Rac

The states 1Ynm(z,z) € Dicac belong to the orbit of a vacuum or
a pseudo-vacuum

Yo,0 € Rac = D(1/2,0) and o1 = b+7,/)o,o €e®i=D(1,1/2).

Theorem (SGA of Landau levels)

The superalgebra osp(1]4) is SGA for the Landau levels space
Divac. It generates all the Landau level states

Divac = osp(1]4)o,0 -
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Conformal Landscape for Landau problem

Kepler model Oscillator MICZ-Kepler model
H atom in RS Oscillator in R* charge-dyon in RS
helicity s = 0 Landau model on S? (magnetized H-atom)
even Landau states Planar Landau model odd Landau states
Rac = D(Ey = },s=0) Dirac = Rac & Di Di=D(Eg=1,5= %)
H atom in R? Oscillator in R? charge-vortex in R?
Co(3%) = SU(2,2) Haldane’s sphere
x:x'\JA p=1)°
Co(35) = Sp(4,R) planar Landau model
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Euclidean Jordan algebra J

Algebra of observables in Quantum Mechanics
(Pascual Jordan)

]
Xoy=yox=g(xy+yx)

(x2o0y)ox=x%0(yox) X,y e3J.

J is commutative but is not associative
Euclidean Jordan algebra (Jordan, von Neumann, Wigner)

xX°+y?=0 =x=0 and y=0

it is power-associativity, X" = x™ o x"
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Tits-Kantor-Koecher Construction

conformal (Mdbius) algebra

o(J) =041 @B g1 =JBstt(J) DI

co(J) is a 3-graded Lie algebra with involution {

[0, 0]) Coij Ok =0k

(x,y,2) =[x, ¥, 2] X,¥,Z€g9.427.
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Jordan algebra and Jordan triple product

(abc) = ao(boc)—bo(aoc)+(aob)oc.
Jordan Triple System

(abc) = (cba) 3)
(ab(cdx)) — (cd(abx)) = (a(dcb)x) — ((cda)bx) .

alinear map S} : J — J through
Sx(2) = (xyz) .
Structure algebra stv(J)

dab bed
85, 89] = 88y — S = SV —8b (4)
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TKK conformal algebra co(3J)

Structure constants ZZ‘;

S (2) = (xyz) (e, €, 8,) = X765 -
determine conformal algebra co(J) = g+1 P go P g1 =J

[Ua7 Ub] = _zsg ) [Ua, Ub]

= 0, Ua € 94
[S5.Ue] = Uy,  [S5,Sg] = Sy — S, SLeg
[S,u°] = —ub™) U3 Ub] = 0, UP € g

Guowu Meng J-Kepler problem

Todor Popov
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Jordan Triple Structure constants

xejg

X0+ X3 Xq — iX
X =x'o, =x=x"'o, = o M 2
X1+ 1Xo Xo— X3

(0a,08,04) = Zg’;ap = 0q0(0g00y)—0g0(0,004)+(0n008)00,

gives back the concise formula

S50 = 6060 + 6007 — 9”7 G - (5)
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Gunaydin’s Oscillator Realization of co(35) =

s0(2,4)

co(3) | operator € co(J) | mapping | x—rep basis s0(2, 4) | deg(x)
J Uy = —ia"P, €g_4 X — a P, =i0, 0

ste(3) | SB=ia"b.St € go X — (a, b, x) Sk = —izhBx>a, 1
3* UP = ibKF € gy X = —(x, b, X) KH = ihBxVx* 8, 2

Jordan algebra J5

g1 _iPzz
do iM'uV
do iD

g+1 iKH

€ and 3-graded Lie algebra so(2,4)

0, translations
—x*0, + x, 0" Lorentz transformations
xH0, dilatation

—2x+x"0, + x¥x,0"  special conformal

Todor Popov
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Conformal algebra of Minkowski spacetime R'3

c0(J5) = s0(2,4) acting on My 3 = N/R* = (S x §%)/Z;

ste(35)
c0(33) =s50(2,4) = (35)" @ (s0(1,3) & R )& J5  p,v=0,1,2,3
N—— N e’ ~—~
Kn M b P,
Xo+X3 X1 — iX2 ~C
= H = o ] =
x=xlo, =x=xlo, (x1+ix2 xo—x3> X € J3
Y00 = 6060 + 6508 — 9% Gary - (6)
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Geometrical TKK

many layer realization of the Erlangen program
Aut(3) C Str(3) c Co(J)
SO(3) c SO(1,3) c SO(2,4)

Group | Transformations Space
Aut(J) | rotations x' = Ox eulidean
Stro(J) | Lorentz group x' = Nx pseudo-euclidean
P(J) | Poincaré group x' =Ax+a affine pseudo-euclid
PL(J)| Similitude group x’ = e’(Ax + a) rescaled affine pseu
Co(3) | Modbius group Z = ijj;g projective

acting on projective space of rays in the Hilbert space
str(J5)

~Cy _ _ (~Cyx ~C

c0(Jz) =90(2,4) = (J3)" @ (s0(1,3) & R )& J3

R
—_ = 7 -~
Kr MY D P,
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TKK for Jordan algebra 35 = Ha(R)

real Pauli matrices with coordinates {yo, y1, y2}

Yo+ Yo )4 T
= xto, = , =y. 7
y E Op < ¥ Yo — Vo > y y (7)

conformal algebra of Minkowski space R'2 acting on
Mip=N/R* = (81 X 82)/22

ste(35)
c0(33) =50(2,3) = (35)" @ (s0(1,2) & R ) Jx f,7=0,1,2
—_—— N——— N O
K# ME b P

Todor Popov Dynamical supersymmetry of the Landau levels ®itac = Di ¢



